For primes p, we investigate an Fp-version of simplicial volume and compare these invariants with their siblings over other coefficient rings. We will also consider the associated gradient invariants, obtained by stabilisation along finite coverings. Throughout, we will discuss the relation between such simplicial volumes and Betti numbers.
Introduction
Simplicial volumes measure the size of manifolds in terms of singular fundamental cycles. Different choices of coefficients and of counting simplices in singular cycles lead to different versions of simplicial volume.
The classical simplicial volume · R of an oriented closed connected manifold is defined in terms of the ℓ 1 -norm on the singular chain complex with real coefficients, i.e., we use a weighted count of singular simplices [5, 8] (Section 2.1 contains a precise definition).
We will study weightless simplicial volumes, i.e., we will ignore the weight of the coefficients and only count the number of singular simplices. In this way, for every coefficient ring R, we obtain a notion of weightless simplicial volume · (R) (Definition 2.1). In particular, this leads to an F p -version of simplicial volume: Definition 1.1. Let M be an oriented closed connected n-manifold and let p ∈ N be a prime number. Then the F p -simplicial volume M (Fp) of M is defined as min m ∈ N m j=1 a j · σ j ∈ C n (M ; F p ) is an F p -fundamental cycle of M .
The following natural questions emerge: (A) What is the topological/geometric meaning of these invariants? (B) How do these invariants relate to other topological invariants? (C) (How) Does the choice of the prime number affect simplicial volume? (D) Do these invariants relate to the weightless Q-simplicial volume? (E) What happens if F p -simplicial volumes are stabilised along a tower of finite coverings? In the present paper, we will study these questions, keeping a focus on the comparison with Betti numbers. In order to simplify the discussion, we will start with Questions (C) and (D).
1.1. Comparison of coefficients. Using different finite fields as coefficients for singular homology, in general, leads to different Betti numbers. But the universal coefficient theorem implies that this dependence on the coefficients is rather limited: If X is a finite CW-complex and k ∈ N, then for all but finitely many primes p ∈ N we have b k (X; F p ) = b k (X; Q).
The situation for weightless simplicial volumes is similar: In general, different prime numbers will lead to different simplicial volumes over the corresponding finite fields (Example 2.7). But for every manifold, this exceptional behaviour is limited to a finite number of primes: Theorem 1.2. Let M be an oriented closed connected manifold. Then for all but finitely many primes p ∈ N we have
In the same spirit, as for Betti numbers, the weightless simplicial volumes of fields with equal characteristic coincide (Theorem 3.8).
In contrast with the Betti number case, the weightless Q-simplicial volume does not necessarily coincide with the weightless Z-simplicial volume (Proposition 2.8 shows that RP 3 is an example of this type) and that the ordinary integral simplicial volume · Z (Section 2.1) tends to be much bigger than the weightless Q-simplicial volume: Theorem 1.3. For every K ∈ N there exists an oriented closed connected 3-manifold with M Z > K · M (Q) . Question 1.4 (weight problem). Let M be an oriented closed connected manifold. What is the difference between integral simplicial volume M Z and the weightless integral simplicial volume M (Z) ?! 1.2. Topological meaning. We will now come to questions (A) and (B). Weightless simplicial volumes give Betti number bounds and provide obstructions against domination of manifolds (Definition 2.4). We will now explain this in more detail: If M is an oriented closed connected manifold and p ∈ N is a prime number, then Poincaré duality shows that for all k ∈ N we have
(Proposition 2.6). This estimate can be used to calculate weightless simplicial volumes in simple cases (Section 2.3); conversely, estimates of this type lead to homology gradient bounds, when stabilising along towers of finite coverings (Section 1.3).
Classical simplicial volume is a homotopy invariant and compatible with mapping degrees: If f : M −→ N is a continuous map between oriented closed connected manifolds of the same dimension, then
Therefore, classical simplicial volume gives a priori bounds on the set of possible mapping degrees [5] .
Similarly, also weightless simplicial volumes are homotopy invariants and they satisfy the following estimates (Proposition 2.3): Let f : M −→ N be a continuous map between oriented closed connected manifolds of the same dimension.
In addition to the similarity with the degree estimate for classical simplicial volume these monotonicity properties are similar to the corresponding monotonicity statements for Betti numbers with F p -coefficients and Q-coefficients, respectively. In particular, the weightless Q-simplicial volume complements the Betti number obstruction against domination of manifolds (Section 2.2). 
Remark 1.6 (inherited vanishing). Let M be an oriented closed connected manifold and let p ∈ N be a prime number. Then reduction modulo p shows that
In particular, all known vanishing results for the stable integral simplicial volume M ∞ Z imply corresponding vanishing results for M ∞ (Fp) . This includes, for example, the case of aspherical manifolds with residually finite amenable fundamental group [4] , smooth aspherical manifolds with nontrivial S 1 -action [2] , and graph manifolds [3] . Moreover, also aspherical manifolds with small enough amenable covers have vanishing stable weightless simplicial volume [14] (Example 4.12).
In addition, we have the following vanishing phenomenon in the presence of non-trivial self-maps: If M is an oriented closed connected manifold that admits a self-map of non-trivial degree, then the classical simplicial volume satisfies M R = 0 (this follows from the degree estimate). If M is aspherical and the fundamental group is residually finite, then this vanishing also carries over to L 2 -Betti numbers [11, Theorem 14.40 ]. In the same way, we obtain vanishing of stable weightless simplicial volumes: Theorem 1.7. Let M be an oriented closed connected aspherical manifold with residually finite fundamental group. If M admits a continuous map f :
. It should be noted that it is an open problem to determine whether the same conclusion also holds for M ∞ Z instead of M ∞ (Fp) .
As in the case of stable integral simplicial volume [10, Theorem 6.6, Remark 6.7], stable F p -simplicial volumes admit a description in terms of the probability measure preserving action of π 1 (M ) on its profinite completion π 1 (M ) (see Section 4.4 for the definitions): We conclude with a brief outlook on the relation with homology gradients: Remark 1.9 (homology gradients). Let M be an oriented closed connected manifold and let p ∈ N be a prime number. Let (Γ j ) j∈N be a descending chain of finite index subgroups of π 1 (M ) and let (M j ) j∈N be the corresponding tower of covering manifolds. Then the Betti number bound of Proposition 2.6 yields the corresponding homology gradient bound lim sup
Similar to the case of homology gradients, we are therefore led to the following open problems: The Betti number estimate shows that
for all primes p (Proposition 4.4). Hence, we arrive at the following question: Let M be an oriented closed connected aspherical manifold with M R = 0 (and residually finite fundamental group). Does there exist a prime number p ∈ N with M ∞ (Fp) = 0 ?! Organisation of this article. We introduce weightless simplicial volumes in Section 2 and establish some basic properties, including a proof of Theorem 1.3. In Section 3 we prove the comparison theorem Theorem 1.2. Stable weightless simplicial volumes are studied in Section 4, where we prove Theorem 1.7 and Theorem 1.8.
Weightless simplicial volumes
We will introduce weightless simplicial volumes and the special case of F p -simplicial volumes. Moreover, we will collect some basic properties of these invariants.
2.1. Basic definitions. If R is a subring of R, then the R-simplicial volume of an oriented closed connected n-manifold M is defined as
Here, | · | denotes the standard absolute value on R and C n (M ; R) is the n-th chain group of the singular chain complex of M . Classical simplicial volume, as introduced by Gromov [5] , is M R .
If R is a commutative ring with unit, in general, we will not find a norm on R in the usual sense; but we can always use the trivial size function
on the coefficients, which leads to the counting "norm" on the singular chain complex (thereby forgetting the weights of the individual simplices): If X is a topological space and k ∈ N, then we define m j=1 a j · σ j := m j=1 |a j | = m for all singular chains m j=1 a j ·σ j ∈ C k (X; R) in reduced form. This "norm" on the singular chain complex results in the following definition: Definition 2.1 (weightless simplicial volume). Let R be a commutative ring with unit and let M be an oriented closed connected manifold of dimension n. Then the weightless R-simplicial volume of M is defined as
If p ∈ N is a prime number, then for the ring F p we obtain Definition 1.1. Of course, we can extend this definition of · (R) to all singular homology classes with R-coefficients by minimising the counting norm over all singular cycles representing the given homology class.
Remark 2.2. Let R be a (non-trivial) commutative ring with unit and let M be an oriented closed connected manifold.
(1) If M is non-empty, then M (R) = 0, whence M (R) ≥ 1.
(2) Because every Z-fundamental cycle gives rise to an R-fundamental cycle, we have
Degrees and domination.
Weightless simplicial volumes can serve as an obstruction against domination of manifolds.
Proposition 2.3 (degree monotonicity). Let M and N be oriented closed connected manifolds of the same dimension and let f : M −→ N be a continuous map.
(1) If R is a commutative ring with unit and deg f is a unit in R, then
(2) In particular:
is an R-fundamental cycle of N . In particular,
Taking the minimum over all R-fundamental cycles c of M shows that
The second part is a special case of the first part. 
Proof. This is merely a reformulation of Proposition 2.3, using the domination terminology.
Homology bounds and some examples.
We will now explain how homology bounds in terms of weightless simplicial volumes can be used to compute first examples.
Proposition 2.6 (homology bounds). Let M be an oriented closed connected manifold and let R be a commutative ring with unit.
(2) If R is a principal ideal domain and k ∈ N, then
Proof. Like all results of this type, this is based on exploiting the explicit description of the Poincaré duality map.
, and let k ∈ N. Then the Poincaré duality map
is an isomorphism of R-modules. Clearly, the elements on the right hand side have weightless norm at most m = |c| = M (R) . This proves the first part.
Moreover
Example 2.7 (odd-dimensional projective spaces). Let n ∈ N be odd. If p ∈ N is an odd prime, then RP n (Fp) = 1 because RP n is dominated by S n through a map of degree 2 and 2 is invert-
In contrast, RP n (F 2 ) = 2. Indeed, on the one hand, RP n (F 2 ) ≤ RP n Z = 2 [9, Proposition 4.4]. On the other hand, let us assume for a contradiction that RP n (F 2 ) = 1. Then the Poincaré duality argument from Proposition 2.6 shows that the non-trivial class in H 2 (RP n ; F 2 ) ∼ = F 2 can be represented by a single singular 2-simplex; however, a single singular 2-simplex cannot be an F 2 -cycle (for parity reasons). This contradiction shows that RP n (F 2 ) = 2. Proof. If n is odd, then S n Z = 1 (we can wrap ∆ n around S n with constant face maps). Hence:
, then there is a singular simplex σ : ∆ n −→ M that is a cycle that represents a non-zero homology class in H n (M ; Q) and in H n (M ; Z). In particular, there is an
It is known that this implies that n is odd and that M is dominated by S n [9,
Similarly, if M (Z) = 1, then there is a singular simplex σ :
Therefore, M Z = 1, which implies that n is odd and M ≃ S n [9, Theorem 1.1].
We will now establish Theorem 1.3, by proving the following generalisation: Theorem 2.9. Let F be a field. For every K ∈ N there exists an oriented closed connected 3-manifold with
Proof. Let p be the characteristic of F and let N := N \ p · N. For n ∈ N, we write L(n, 1) for the associated 3-dimensional lens space. Then L(n, 1) is covered, whence dominated, by S 3 through a map of degree n; therefore, for all n ∈ N we obtain
On the other hand, the manifolds in the sequence L(n, 1) n∈N are pairwise non-homeomorphic. Therefore, the sequence L(n, 1) Z n∈N is unbounded by the finiteness result for the integral simplicial volume · Z on 3-manifolds [9, Proposition 5.3].
Classical simplicial volume (with real coefficients) is known to behave well with respect to products [5] . For integral simplicial volume of a product manifold, there is an upper bound in terms of the products of the integral simplicial volumes of the factors; however, it is unknown whether the integral simplicial volume also satisfies a corresponding estimate from below. Proposition 2.10 (product estimate). Let M and N be oriented closed connected manifolds and let R be a commutative ring with unit. Then
Proof. The upper estimate can be shown via the explicit description of the homological cross product on the level of singular chains through the shuffle product; this is similar to the case of ordinary simplicial volume [1, Theorem F.2.5].
For the lower estimate, we argue as follows: Let y ∈ N be a point and let i : M −→ M × {y} −→ M × N and p : M × N −→ M be the corresponding inclusion and projection, respectively; moreover, we consider
Using Proposition 2.6, we obtain
In the same way, we also have N (R) ≤ M × N (R) .
Using the Betti number estimate, we can also give an answer to the weight problem (Question 1.4) in a very simple case: Proof. The Betti number estimate (Proposition 2.6) and the universal coefficient theorem imply that
Conversely, let us suppose that b k (M ; Z) = M (Z) . Let n := dim M and let c = m j=1 a j · σ j ∈ C n (M ; Z) be a Z-fundamental cycle of M that satisfies m = M (Z) . Assume for a contradiction that there exists a j ∈ {1, . . . , m} with a j ∈ {−1, 1}. Then there is a prime number p ∈ N that divides a j . Hence, the term a j · σ j vanishes after reduction modulo p and so
which is a contradiction. This shows that a 1 , . . . , a m ∈ {−1, 1}. Therefore, we have
Example 2.12 (surfaces). Let Σ be an oriented closed connected (nonempty) surface and let p ∈ N be a prime.
If Σ ∼ = S 2 , then Σ (Fp) ≥ 2 (for parity reasons) and Σ (Fp) ≤ 2 (straightforward construction). Hence, S 2 (Fp) = 2. Similarly, S 2 (R) = 2 for every non-trivial commutative ring R with unit.
We will now consider the case Σ ≃ S 2 . Let g ∈ N denote the genus of Σ. Because Σ Z = 4 · g − 2 [9, Proposition 4.3], we obtain the upper estimate
On the other hand, the Betti number estimate (Proposition 2.6) yields
In particular, S 1 × S 1 (Fp) = 2 = S 1 × S 1 (Z) . However, if g ≥ 2, the exact values of Σ (Fp) or Σ (Z) are not known.
For the weightless simplicial volume with Z-coefficients, we can at least improve the bound 2 · g ≤ Σ (Z) to a strict inequality: Assume for a contradiction that 2 · g = Σ (Z) . Then Proposition 2.11 implies that 2 · g = Σ Z = 4·g−2, which is impossible for g ≥ 2. Hence, we obtain 2·g < Σ (Z) .
Comparison theorems
We will now focus on the comparison theorem (Theorem 1.2) that relates weightless simplicial volumes over F p and Q. In order to promote fundamental cycles over F p to fundamental cycles over Q (while keeping control on the number of simplices), we will consider the combinatorial types of simplices and encode the relevant information in (finite) systems of linear equations.
3.1. Combinatorics of singular cycles. We record the combinatorial structure of singular chains in certain generalised simplicial complexes. These complexes are specified by a set of n-simplices and an adjacency relation between the faces of these n-simplices. Two n-dimensional model complexes (S, ∼) and (S ′ , ∼ ′ ) are isomorphic if there exists a bijection f : S −→ S ′ between their sets of simplices that is compatible with the adjacency relations, i.e., 
Here ∂ j : ∆ n−1 −→ ∆ n denotes the inclusion of the j-th face of ∆ n . Here, we view A as a matrix over R via the canonical unital ring homomorphism Z −→ R.
Proof. Let (s, i) ∈ S × {0, . . . , n} and let A (s,i) be the (s, i)-row of A. By construction of the cycle matrix A, the value
is the total contribution of the singular simplex s • ∂ i in the chain ∂c = m j=1 n ℓ=0 (−1) ℓ · a j · σ j • ∂ ℓ ∈ C n−1 (M ; R). Hence, A · (a 1 , . . . , a m ) ⊤ = 0 if and only if ∂c = 0.
Basics on solution spaces.
For the sake of completeness, we recall two facts on solutions of linear equations:
If R is a commutative ring with unit, then we view A and b as a matrix/vector over R and we write
for the corresponding sets of solutions over R. Proof. By transitivity, it suffices to consider the case where F is the prime field of E. In view of Gaussian elimination, there exist invertible matrices S ∈ GL k (F ) and T ∈ GL m (F ) such that
is in row echelon form (because the original equation is defined over Z, whence over F , we only need matrices S and T with entries in F ).
Let
and similarly for E. Moreover, because A is in row echelon form and F is a subfield of E, we have
Combining these equivalences proves the claim. Then L A (Z) = {0} and for all but finitely many p ∈ P we have (where π p : Z m −→ F m p denotes the reduction modulo p) π p L A (Z) = L A (F p ).
Proof. The structure theory of matrices over Z shows that there exist invertible integral matrices S ∈ GL k (Z) and T ∈ GL m (Z) such that
is in Smith normal form; i.e., A is a "diagonal" matrix of the form
with r ∈ {0, . . . , min(m, k)} and a 1 , . . . , a r ∈ Z \ {0} satisfying a 1 | a 2 , a 2 | a 3 , . . . , a r−1 | a r . If R is a domain, then (we interpret integral matrices in the canonical way as matrices over R and use the fact that invertible integral matrices stay invertible over R)
In particular, we have L A (R) = {0} if and only if r = m and ∀ j∈{1,...,r} a j = 0 in R.
We now consider the set Q ⊂ N of prime divisors of a 1 , . . . , a r . Clearly, this set Q is finite. Then P ′ := P \ Q is cofinite in P and for all p ∈ P ′ we have L A (F p ) = π p (L A (Z)). Hence, we obtain
for all p ∈ P ′ . In particular, L A (Z) = {0}.
3.4. Equal characteristic. As a warm-up for the proof of Theorem 1.2, we prove the following comparison result in equal characteristic: . We consider the model Z of c and the associated cycle matrix A ∈ M k×m (Z) (for simplicity, we index the rows of A by natural numbers instead of by pairs). So far, A only encodes the fact that c is a cycle. In order to also encode the corresponding homology class, we proceed as follows:
We pick a point x ∈ M and consider the local degrees d j ∈ Z determined uniquely by the relation In particular, L A,b (E) = ∅. Because F and E have the same characteristic, we also have L A,b (F ) = ∅ (Lemma 3.6). Let (a ′ 1 , . . . , a ′ m ) ∈ L A,b (F ). We now consider the chain
By construction, the model of 
3.5.
Comparison with characteristic 0. Using the tools and techniques from the previous sections, we will now give a proof of Theorem 1.2. The situation in this proof is slightly different from the equal characteristic case because we will need to deal with cycles that have isomorphic models but consist of different singular simplices.
Proof of Theorem 1.2. We begin with the proof that M (Fp) ≤ M (Q) holds for all but finitely many primes p: Let c ∈ C n (M ; Q) be a Q-fundamental cycle of M with |c| = M (Q) . Then there exists an m ∈ N \ {0} such that m · c is an integral cycle, representing m · [M ] Z in H n (M ; Z). Let P ⊂ N be the set of primes that do not divide m. Then P contains all but finitely many primes in N. Let p ∈ P and let c p ∈ C n (M ; F p ) be the mod p reduction of c. Then c p is a cycle, m is a unit modulo p, and
is an F p -fundamental cycle of M . In particular,
We will now prove the converse estimate: By Remark 2.2, we have
in particular, the set on the left hand side is finite. Let V ∈ {0, . . . , M Z } be the smallest accumulation point of ( M (Fp) ) p∈N prime and let P ⊂ N be the set of primes p ∈ N with V ≤ M (Fp) . Because {0, . . . , M Z } is finite, the set P is cofinite in the set of primes. Therefore, it suffices to prove that for all but finitely many p ∈ P we have
Because there exist only finitely many isomorphism classes of n-dimensional model complexes with at most V simplices, there exists such an n-dimensional model complex Z and an infinite subset P ′ ⊂ P such that for every p ∈ P ′ there exists an F p -fundamental cycle of M whose model is isomorphic to Z.
We will now show that there also exists a Q-fundamental cycle of M whose model is isomorphic to Z: Let A ∈ M k×m (Z) be the integral cycle matrix associated with Z (again, we simplify the index set). By Lemma 3.4, we hence know that
Applying Lemma 3.7 therefore shows that there exists a cofinite set P ′′ ⊂ P ′ with ∀ p∈P ′′ π p L A (Z) = L A (F p ).
Let p ∈ P ′′ and let c p = V j=1 a j · σ j ∈ C n (M ; F p ) be an F p -fundamental cycle of M with model isomorphic to Z. Because of π p (L A (Z)) = L A (F p ) and Lemma 3.4 there exists a cycle c = V j=1 a j ·σ j ∈ C n (M ; Z) whose reduction modulo p equals c p and whose model is isomorphic to Z. In particular,
[c] = 0 ∈ H n (M ; Z) ⊂ H n (M ; Q) (because its reduction [c p ] is non-zero in H n (M ; F p )). Then a rational multiple of c is a Q-fundamental cycle of M and we obtain M (Q) ≤ |c| ≤ V. Corollary 3.9. Let M be an oriented closed connected manifold and let F be a field of characteristic 0. Then for all but finitely many primes p ∈ N we have
Proof. We only need to combine Theorem 1.2 with Theorem 3.8.
Stabilisation along finite coverings
In this section, we discuss the stabilisation of weightless simplicial volumes along towers of finite coverings. In particular, we will prove Theorem 1.7 and Theorem 1.8.
4.1.
Stable weightless simplicial volumes. The classical simplicial volume · R is multiplicative under finite coverings; however, integral simplicial volume · Z , in general, is not multiplicative under finite coverings. Hence, it makes sense to study the corresponding gradient invariant, the stable integral simplicial volume, defined by
for oriented closed connected n-manifolds M . Analogously, we can also introduce the gradient invariants associated with weigthless simplicial volumes: Definition 4.1 (stable weightless simplicial volume). Let M be an oriented closed connected n-manifold and let R be a commutative ring with unit. Then the stable weightless R-simplicial volume of M is defined by
This generalises Definition 1.5. 
However, the exact values of Σ ∞ (Fp) or M ∞ (Z) are not known if g ≥ 2. Proposition 4.4 (Euler characteristic estimate). Let M be an oriented closed connected n-manifold and let R be a principal ideal domain. Then
In particular: For all prime numbers p ∈ N we have χ(M ) ≤ (n + 1) · M (Fp) .
Proof. Let N −→ M be a finite covering of M with d ∈ N sheets. Then the Betti number estimate Proposition 2.6 shows that
Taking the infimum over all finite coverings of M finishes the proof.
Corollary 4.5. Let n ∈ N be even. Then there exists a constant C n ∈ N >0 such that: For every oriented closed connected hyperbolic n-manifold and every principal ideal domain R we have
In particular: For all prime numbers p ∈ N we have M (Fp) ≥ C n · vol(M ).
Proof. Applying the generalised Gauß-Bonnet formula [13, Theorem 11.3.2] to the hyperbolic manifold M results in
where Ω n denotes the volume of the standard unit n-sphere.
In combination with Proposition 4.4, we therefore obtain
4.3. Self-maps of non-trivial degree. We will now prove Theorem 1.7 in the following, slightly more general, form:
Theorem 4.6. Let M be an oriented closed connected aspherical manifold with residually finite fundamental group that admits a continuous self-
If R is a commutative ring with unit and deg f is a unit in R, then M ∞ (R) = 0. We proceed in the same way as in the proof of the corresponding statement for L 2 -Betti numbers [11, Theorem 14.40] . As a preparation, we recall the following well-known fact: (1) Let M and N be oriented closed connected manifolds of the same dimension and let f : M −→ N be a continuous map of non-zero degree. Then im π 1 (f ) has finite index in π 1 (N ).
(2) Let M be an oriented closed connected aspherical manifold with residually finite fundamental group and let f : M −→ M be a continuous map with deg f ∈ {−1, 0, 1}. Then
Proof. The first part follows from covering theory (by considering the covering of M associated with im π 1 (M )). For the second part, we write Γ := π 1 (M ). By the first part, im π 1 (f ) has finite index in Γ.
Assume for a contradiction that [Γ : π 1 (f )] = 1, i.e., that π 1 (f ) is an epimorphism. As residually finite group, the group Γ is Hopfian. Hence, the epimorphism π 1 (f ) : Γ −→ Γ is an isomorphism. Because M is aspherical, this implies that f is a homotopy equivalence. In particular, deg f ∈ {−1, 1}, which is a contradiction. Therefore, [Γ : π 1 (f )] > 1. 
and so deg f k is a unit in R. In view of Proposition 2.3, we obtain
Therefore, it suffices to show that the sequence ([Γ : Γ k ]) k∈N is unbounded: To this end, for k ∈ N, we consider the self-map
Because Γ k has finite index in Γ, the covering manifold M k is compact; morevoer, M k is aspherical and oriented and π 1 (M k ) ∼ = Γ k ⊂ Γ is residually finite. Using the fact that
we obtain from Lemma 4.7 that
In particular, the sequence ([Γ : Γ 2 k ]) k∈N is unbounded.
Proof of Theorem 1.7. If p ∤ deg f , then deg f is a unit in F p and so Theorem 4.6 can be applied.
4.4.
The dynamical view. In order to formulate and prove Theorem 1.8, we first introduce the type of dynamical systems that we are interested in: Definition 4.8. Let Γ be a group. A standard Γ-space is a standard Borel probability space (X, µ) together with a µ-preserving Γ-action.
If α = Γ (X, µ) is a standard Γ-space and R is acommutative ring with unit, then we wirte
This module is equipped with the ZΓ-right module structure induced by the Γ-action α on X. More concretely, L ∞ (α, R) can be viewed as the ZΓmodule of functions X −→ R with finite image and measurable pre-images (up to equality µ-almost everywhere).
If f : X −→ R is an element of L ∞ (α, R), then we write
Example 4.9 (profinite completion). If Γ is a finitely generated residually finite group, then the profinite completion Γ of Γ is a standard Borel space.
The canonical translation action of Γ on Γ is measure preserving with respect to the inverse limit probability measure of the normalised counting measures on the finite quotients of Γ. Moreover, this action is essentially free. For simplicity, we also denote the corresponding standard Γ-space by Γ.
In analogy with parametrised/integral foliated simplicial volume [15, 10] , we consider weightless parametrised simplicial volumes (by ignoring the magnitude of the coefficients): 
Clearly, in the situation of the previous definition, we have
where    M    α denotes the ordinary parametrised simplicial volume with parameter space α. Finally, we prove Theorem 1.8; again, we establish a slightly more general version: Theorem 4.11. Let M be an oriented closed connected manifold with residually finite fundamental group and let R be a commutative ring with unit. Then
The proof is a straightforward adaption of the proof of the corresponding statement for stable integral simplicial volume [10, Theorem 6.6, Remark 6.7]. We first set up some notation for the proof:
• We abbreviate Γ := π 1 (M ) and α := Γ Γ. • If Λ ⊂ Γ is a finite index subgroup, we write M Λ −→ M for the associated covering. • We write S for the set of all finite index subgroups and F (S) for the set of all finite subsets of S. • If F ∈ F (S), then we write X F := lim ← −Λ∈F Γ/Λ and α F := Γ X F for the associated parameter space. Moreover, we denote the canonical Γ-map Γ −→ X F by π F .
In the proof of Theorem 4.11, we will use the following ingredients:
(1) If Λ is a finite index subgroup of Γ, then
[The proof of the corresponding statement for parametrised integral simplicial volume [10, Proposition 4.26, Corollary 4.27] carries over to the weightless setting, because the division by the index happens inside the probability space.] (2) If F ∈ F (S), then α F is a finite Γ-probability space and thus a finite convex combination of coset spaces as in (1) . Therefore,
[Again, the arguments of the classical case [10, Proposition 4.15 ] also work in the weightless setting.] (3) Let L ⊂ L ∞ (α, R) be a ZΓ-submodule that is dense in the following sense:
Then the induced homomorphism H n (M ; L) −→ H n (M ; L ∞ (α, R)) is norm-preserving with respect to the weightless norms. Conversely, we now show that M ∞ (R) ≤ M (α,R) : To this end we consider the ZΓ-submodule
of L ∞ (α, R). The submodule L is dense in L ∞ (α, R) in the sense of (3): Let σ be the σ-algebra of Γ. The set
is a σ-algebra. Moreover, σ ′ is contained in σ and σ ′ contains for every F ∈ F (S) the π F -preimage of the σ-algebra of X F . Hence, σ ′ = σ and so L is dense in L ∞ (α, R).
Combining (2) 
